
M O T I O N  AND H E A T  T R A N S F E R  IN T U B E S  OF L I Q U I D S  

W I T H  T E M P E R A T U R E - D E P E N D E N T  V I S C O S I T I E S  

V. I .  N a i d e n o v  UDC 532.516 

The problem of the velocity and tempera tu re  distribution of a liquid flowing in a cyl indr ical  
tube in the case  where the viscosi ty var ies  exponentially with t empera tu re  is considered.  

1. There  have been many theoret ical  and experimental  studies of hydrodynamics  and heat t r ans fe r  in 
a laminar  flow of viscous liquids in tubes [1]. A problem of grea t  pract ica l  in teres t  is that of the motion of 
a viscous liquid in nonisothermal  conditions, where the solution entails great  difficulties of an analytical 
nature.  

A flow with variable viscosi ty was investigated in [2] for a problem s imi lar  to the G r a e t z - N u s s e l t  
problem. In [2] the inert ial  and convective t e rms  in the equations of motion and energy were  only part ial ly 
taken into account by averaging over  the thickness of the thermal  boundary layer .  In this case ,  however,  
the analytical integration of the equations could be effected only by methods of numerical  analysis ,  and the 
obtained resul ts  were  valid only in the region of small  reduced lengths. A solution suitable for the whole 
heat t r ans fe r  region was obtained by the K a r m a n - P o h l h a u s e n  integral  method in [3]. In [4j heat t r ans fe r  
and r c s i s t ance  in a flow of gas with tempera ture-dependent  proper t ies  were  calculated by a f in i te-di f fer-  

ice method and some interpolation formulas ,  predict ing the resu l t s  of calculation to within 3 %, were  p ro -  
posed. In this case  the system of differential equations of motion, continuity, and energy were  investigated 
in the boundary- layer  approximation. 

The problem of heat t r ans fe r  and hydraulic res i s t ance  of a viscous incompress ib le  liquid in the r e -  
gion of stabilized heat t r ans fe r  in the case  of boundary conditions of the second kind was investigated in [5]. 

We can also mention the interest ing investigations of some thermodynamic problems [6, 7] which led 
to the d iscovery  of the hydrodynamic thermal  explosion. Similar  resul ts  indicating the existence of a c r i -  
tical combination of pa rame te r s  at which a steady flow is impossible  can evidently be expected in the theory 
of convect ive heat t r ans fe r  with var iable  physical  proper t ies .  

In the present  paper  we investigate the heat t r ans fe r  and hydraulic res i s t ance  of a viscous incom- 
press ib le  liquid in a round tube in the case  of boundary conditions of the second kind. We will a ssume that 
hydrodynamic and thermal  p rocesses  a re  steady, and that the viscosi ty var ies  with t empera tu re  in acco rd -  
ance with the interpolation equation 

p. = ~t 0 exp [ q  [5 (T --  1'0)] (1.1) 

Here ~t 0 is the viscosi ty of the liquid on entry into the hea t - t ransfer  section, and/3 is a pa rame te r  
which depends on the kind of liquid and the t empera tu re  range. 

If the t empera tu re  gradients  a re  small,  formula (1.1) gives a s ta t is factory agreement  with exper i -  
mental data. The equations of motion and heat t r ans fe r  in the case  of constant  thermal  diffusivity and 
s t ra ight - l ine  par t ic le  t r a jec to r ies  have the form [8] 

op o { d r \  ~ e~ op ~rL dv ~,' 
Ox = "~r k~t -~r  ) -j- --7- d ~ '  c3~- =: Ox dr ' a h T  = v Ox (1.2) 
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We wi l l  a s s u m e  tha t  the  tube  w a l l  i s  m a i n t a i n e d  at  a t e m p e r a t u r e  which d e p e n d s  l i n e a r l y  on x 

T (x, ro) = A x  (1.3) 

H e r e  r 0 i s  the  tube  r a d i u s ,  and  x i s  the  l ong i t ud ina l  c o o r d i n a t e .  

In the  c a s e  of s t e a d y  h e a t  p r o c e s s e s  r e l a t i o n s h i p  (1.3) i s  i d e n t i c a l  to the a s s u m p t i o n  of c o n s t a n c y  of 
the  s p e c i f i c  hea t  f lux  th rough  the  tube  w a l l  ff p and Cp a r e  c o n s t a n t  o v e r  the  c r o s s  s e c t i o n  and length of the  

tube .  

We i n t r o d u c e  the  d i m e n s i o n l e s s  quan t i t i e s  

X = xlr  o, R = rlro, 0 = l ' /Aro,  V = duo  

P = prol~touo, Pe = uoro/a, a = ~Ar  o 
(1.4) 

H e r e  u 0 i s  the  a v e r a g e  f low v e l o c i t y .  

We  a s s u m e  tha t  the  t e m p e r a t u r e  d i s t r i b u t i o n  i s  s e l f - s i m i l a r  r e l a t i v e  to c o o r d i n a t e  X, i . e . ,  

0 (R ,  X) = X + 0(Hi  (1.5) 

In view of a s s u m p t i o n  (1.5) we ob ta in  a d i m e n s i o n l e s s  s y s t e m  of o r d i n a l  3, d i f f e r e n t i a l  equa t ions  f o r  
the  func t ions  O(R) and V(R) 

r , i d 0 ,  ) ]av ~0 ~,v 0 
d---hVd// ! L a ! 'ER - - -  I - -  aPeV -FTT--2c~ d-'-~ da -----T = 

A0 = PeV 

The  b o u n d a r y  c o n d i t i o n s  and c o n d i t i o n s  f o r  c o n s t a n t  f low r a t e  h a v e  the u sua l  f o r m  

(1.6) 

1 

i ' ( l ) = 0 ,  0 ( l ) = 0 ,  i / ~ V ( R ) d R = I / 2  
e 

R e l a t i o n s h i p s  (1.6) and (1.7) a r e  the  m a t h e m a t i c a l  f o r m u l a t i o n  of the  p r o b l e m .  

We f o r m a l l y  s e e k  the  so lu t i on  of Eqs .  (1.6) in t he  f o r m  of a s e r i e s  of p o w e r s  of t he  p a r a m e t e r  

(1.7) 

oo z o  

v (n , . )=  ~ .~v,(n), o(n,(~) = ~) m%(n) (1.8) 
k =o ~:=o 

To d e t e r m i n e  the  k - t h  a p p r o x i m a t i o n  w e  obta in  a s y s t e m  of l i n e a r  d i f f e r e n t i a l  equa t ions  

(d/dB) AV k = F~ (0o, 01, �9 . . ,  0k-t, Vo, VI,. �9 �9 V~-l), A0k = PeVi 

, , , ,  i , (  ) 
Fk = -  2 2 dB dR dR d[*: + PeV,.  dR + 2 a a  dR~ 

m~O n= O ) n ~ O  

When the e x p a n s i o n s  (1.8) a r e  t aken  into a c c oun t  c o n d i t i o n s  (1.7) t a k e  the  f o r m  

(1.9) 

vk (i) = 0, 0k (l) = 0, k = o , t , 2  . . . .  

1 i ( 1 . 1 0 )  
i RV~  ( R ) d R  = '/~, ~ R V  k (R) = O, k---  i ,  2 
o o 

Thus ,  to s o l v e  the  p r o b l e m  we  u s e  the  me thod  of s u c c e s s i v e  a p p r o x i m a t i o n s .  A s  the  z e r o  a p p r o x i m a -  

t ion  w e  t ake  the  func t ions  [1] 

Vo (Hi -~ 2 (1 - -  R2), 0 0 (B) = - -  i /8 Pc (3 - -  4 I~ 2 -~- B 4) (1.11) 

Us ing  the  me thod  of v a r i a t i o n  of c o n s t a n t s  we  can  e a s i l y  ob ta in  a g e n e r a l  so lu t i on  of the  s y s t e m  of 

Eqs .  (1.9) 
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= q t Fi; ('q) dy -',- Aa.R z "- Bi: 
o o o 

R 

0 0 

The a r b i t r a r y  cons t an t s  Ak, Bk, and C k a r e  d e t e r m i n e d  f r o m  re l a t ionsh ips  (1.10) 

(1.12) 

1 

A,~ = 41 Ir (R) dR --  2X~ (l) 
0 

1 

B~ = --  4 I R X ~ ( R ) d R  -,- Xk(l ) 
0 

= - ITI (n)en 
0 o 

(1.13) 

w h e r e  Xk(R) is a p a r t i c u l a r  solut ion of the f i r s t  equat ion in (1.9). 

2. We a s s u m e  that  funct ions  (V0, O0), (Vp 01), (V2, 02) . . . .  , (Vk-1, Ok-l) have  no s ingu la r i t i e s  in the 
c o n s i d e r e d  flow region .  The  ana ly t ic i ty  of the k- th  approx ima t ion  then fol lows f r o m  Eq. (1.12). Since the  
z e r o  p a i r  of funct ions  (1.11) is ana ly t i ca l  in the reg ion  (0 < -R~  1), then app rox ima t ions  of any o r d e r  and thei r  
d e r i v a t i v e s  wil l  p o s s e s s  this  p rope r ty .  

We turn now to the p roof  of un i fo rm c o n v e r g e n c e  of V(R, c~) and 0(R, ~) and thei r  de r i va t i ve s  in the 
r ange  0 -<oe<-ee *. 

We in t roduce  a pos i t ive  n u m b e r  Mk, such that  

m a x l F n ( R )  l < M R  ( 0 < / / <  1) (2.1) 

The  in t roduc t ion  of M k is a lways  pos s ib l e  s ince  we a r e  deal ing with funct ions which a r e  cont inuous  in 
a c lo sed  in te rva l .  F r o m  re l a t ionsh ips  (1.12) and (1.13) we obtain e s t i m a t e s  f o r  funct ions  0k(R ) and Vk(R) 
and the i r  d e r i v a t i v e s  to the f i r s t  and second o r d e r  inc lus ive  

I Vh (R) I • 8/9 Mh, [ Ok (R) I < 4/9 Mk'Pe 

I dV,JdR I < l l / gMh,  I dOk/dR(R) ] <4 /9  M~Pe, [ d'V~/dH 2 (R) I <  20/9 .,lIu (2.2) 

Denot ing by h the l a r g e s t  of the n u m b e r s  (20/9,  4 /9  Pe) we c o n s t r u c t  the s e r i e s  

cr 

W (a) = ~ W~,a ~, Wh = h M k  (2.3) 
k=O 

By c~ h e r e  we mean  the modulus  of this quanti ty.  

If the c o n v e r g e n c e  of function W(a) is p roved ,  then the un i fo rm c o n v e r g e n c e  of expans ions  (1.8) and 
the i r  de r i va t i ve s  in the reg ion  0 ~ R ~ 1 wil l  follow f r o m  inequal i t ies  (2.2). 

As st i l l  unde t e rmined  va lues  of M k we take  the n u m b e r s  

k - - 2  k - - 2  k - - I  

M~ = W~/h -- y, Y, (W.~W.W, + w,) + Y, (Po + 2) wmw, 
m = 0  n=O,ra+~- I .=k - -2  r n ~ o , m ~ - l ~  Ir I 

(2.4) 

'If each t e r m  of s e r i e s  (2.3) apa r t  f r o m  the  z e r o  t e r m  is r e p l a c e d  by its exp re s s ion  (2.4) we obtain 
the m a j o r a n t  equation 

r  = a~W 3-~- a ( P e  q- 2) W 2-~- (a 2 -  i /h )  W + W 0 /  h = 0 (2.5) 

w h e r e  W 0 is the l a r g e s t  n u m b e r  exceeding the m a x i m a  of funct ions  V0(R) and 00(R ) and the i r  de r iva t i ve s .  

Since the coe f f i c i en t s  of W(c0 a r e  r a t iona l  funct ions  of ~, then W(o~) is an a lgebra ic  function and in the 
vicini ty  of a spec ia l  point (o~ = 0) has  at l eas t  one r e g u l a r  c o n v e r g e n c e  b ranch .  The  n e a r e s t  spec ia l  point  
( radius  of conve rgence )  is d e t e r m i n e d  a f t e r  e l imina t ion  of W f r o m  the  s y s t e m  of equat ions  
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tion 

r (W, r ---- O, Oep / d W  (W, a *) --- 0 (2.6) 

In the v i c in i ty  of z e r o  va lue  of the p a r a m e t e r  0-<a-< e we c a n  r e p l a c e  Eq. (2.5) by the s i m p l e r  equa-  

a (Pc ~- 2) W 2 -- h - X W  + h - ' W o  = 0 (2.7) 

In th is  c a s e  the r a d i u s  of c o n v e r g e n c e  is  given by the roo t  of the d i s c r i m i n a n t  equat ion 

a*  = [4hWo (Pc + 2)1 -~ (2.8) 

If, for  i n s t a n c e ,  Pe  = 1, then h = 20/9 ,  W 0 = 4, and ce* = 0.01. 

It i s  obvious  that if m o r e  accui-a te  e s t i m a t e s  a r e  made  in i nequa l i t i e s  (2.2) the  va lue  of a* may be 
greater. 

3. To determine the first approximation we have the system of equations 

d• V dVo . dO,~ d"Vo AO I P e  V1 AVe== Pe o --dTi- + 2 d---h- d l"---~'- " = 

The solu t ion  of th is  s y s t e m ,  which has  no s i n g u l a r i t i e s  at  R = 0, i s  

V1 (R) --- '/2, Pe (2R e - -  12//' § 13/t 2 - -  3) 

01 (R) ---- a/230,Pe~ (3/t 8 - -  32R ~ -{- 78/t 4 - -  72//~ -4- 23) 

On the b a s i s  of two a p p r o x i m a t i o n s  we can put the axial  flow veloci ty  in the fo rm 

V(R,a, Pe) = 2(l--R z)-~ 1/24aPe(2R 6-12R 4-I- 13R 2-3) 

(3.1) 

(3.2) 

(3.3) 

Ana lyz ing  Eq. (3.3) we can  draw the fol lowing c o n c l u s i o n s .  When a > 0 (the wa l l s  heat  the liquid) the 
ve loc i ty  on the tube  axis  d e c r e a s e s ,  and in the v ic in i ty  of the wa l l s  i n c r e a s e s  in c o m p a r i s o n  with the p a r a -  
bol ic  flow r e g i m e ,  so that  a fu l l e r  ve loci ty  p ro f i l e  is obta ined.  When a <  0 (the wa l l s  a r e  c o l d e r  than the 
liquid) the  flow p i c t u r e  wi l l  be the opposi te ,  and the veloci ty  p ro f i l e  a s s u m e s  the c h a r a c t e r i s t i c  extended 
fo rm.  T h e s e  effects  a r e  enhanced when the p roduc t  a p e  i n c r e a s e s .  T h e s e  c o n c l u s i o n s  a r e  in good a g r e e -  
ment  with the e x p e r i m e n t a l  da ta  obtained for  w a t e r  and MS-20 oi ls  [1]. 

The t e m p e r a t u r e  g r a d i e n t  at the tube wal l  fo r  a l l  va lues  of X is  given by the r e l a t i o n  

d O / d R  = P e / 2  

s i nce  

(3.4) 

1 IR ,= 
0 

F o r  the m e a n  t e m p e r a t u r e  o v e r  the c r o s s  sec t ion  we obta in  

k>l  

1 

Os = 21 0 (R) V (R) RdR = --/EK Pel l  _]_ ~128 Pe2 
o 

Thus ,  fo r  the Nusse l t  n u m b e r  r e f e r r e d  to the tube d i a m e t e r  we have the equat ion 

(3.5) 

Nu -1 = 0, 1-- 2d0 / d//] -I = i t /48 - -  aPe / t28 (3.6) 

It fol lows f rom Eq. (3.6) that  w h e n a > 0 ,  the N usse l t  n u m b e r  and, hence ,  the heat  t r a n s f e r  coef f ic ien t  
i n c r e a s e  in c o m p a r i s o n  with the l i m i t i n g  va lue  Nu = 4.364. When ce < 0 the N u s s e l t  n u m b e r  and the heat  
t r a n s f e r  coef f i c ien t  wil l  be  reduced .  

F o r  the hydrau l i c  r e s i s t a n c e  coef f i c ien t  we have  

k = t rmax [ / 1/2 p U 0  2 = ] 8 / Re q- 5/e aPr [ e - ' x  

H e r e  r m a  x is  the f r i c t i on  s t r e s s  on the tube wa l l s  and O is the dens i ty  of the l iquid ,  Re = U0r0p/t~ 0 is  
the Reynolds  n u m b e r ,  P r  = ~ o / O a  is  the P r a n d t l  n u m b e r .  
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When c~< 0 the res i s t ance  coefficient increases  rapidly with increase  in length X. 

We note an interest ing point. If the pa rame te r  a <<1, then in sys tem (1.6) the te rm a2dV/dR can be 
neglected in compar ison  with the rest .  Then the required V, 0/De, and Nu will be functions of the single 
c r i te r ion  a p e  

V = 1, (R, aPe), 0 = Pe/e (B, aPe), Nu --= ]a (aPe) (3.7) 

An experimental  verification of the last  equation in (3.7) is of interest .  

A calculation of the subsequent approximations presents  no difficulty, since the right hand sides of 
Eqs. (1.9) for  any k a rc  polynomials and, hence, for  each approximation we can obtain an exact situation. 

The question of the existence and uniqueness of the solution of the sys tem of Eqs. (1.6) for  a >  a*  r e -  
mains open. 
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